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The flow of an electrically conducting fluid driven by a traveling magnetic field imposed at the
endcaps of a cylindrical annulus is numerically studied. At sufficiently large magnetic Reynolds
number, the system undergoes a transition from synchronism with the traveling field to a stalled flow,
similar to the one observed in electromagnetic pumps. A new type of boundary layer is identified
for such electromagnetically-driven flows, that can be understood as a combination of Hartmann
and Shercliff layers generated by the spatio-temporal variations of the magnetic field imposed at
the boundaries. An energy budget calculation shows that energy dissipation mostly occurs within
these boundary layers and we observe that the ohmic dissipation Dη always overcomes the viscous
dissipation Dν , suggesting the existence of an upper bound for the efficiency of electromagnetic
pumps. Finally, we show that the destabilization of the flow occurs when both dissipations are
nearly equal, Dν ∼ Dη.
PACS numbers:
I. INTRODUCTION
Magnetohydrodynamics (MHD), i.e. the study of the flow of electrically conducting fluids, play a major role in
several natural systems or industrial setups [1], from the dynamics of flux expulsion involved in solar flares, to the
electromagnetic casting of liquid metals in metallurgy [2]. It is also an interesting example of energy conversion: In
the presence of an electrically conducting fluid, it is possible to generate magnetic energy from the kinetic energy
of the fluid, or alternatively, to put in motion a liquid metal by the action of the Lorentz force. In nature, such a
transformation is almost always associated with an instability of the system. The best illustration is dynamo action,
i.e. the self-generation of a magnetic field by the action of a turbulent conducting fluid in planetary cores [3]. In
this case, the conversion of fluid motion into magnetic energy is only observed above a given threshold of the fluid
velocity [4].
But MHD instabilities can also play the opposite role, by inhibiting or limiting the conversion process, as observed in
electromagnetic linear induction pumps (EMPs). Such EMPs, sometimes called Einstein-Szilard pumps [5], generally
involve liquid metal confined in a cylindrical annular channel subject to a sinusoidal magnetic field imposed by external
coils. As the applied traveling magnetic field (TMF) travels with wave-speed c in the axial direction, the liquid metal
is pumped at a velocity U < c. The use of such EMPs is of great interest in several industrial processes. In metallurgy
for instance, EMPs are widely used to pump molten aluminum during processing of various metals. Another example
is the use of EMPs to pump liquid sodium in the secondary cooling circuit of fast breeder reactors, mainly because of
the ease of maintenance compared to mechanical pumps [6]. In all these cases, one objective is to generate a highly
efficient pumping of the liquid metal over a relatively large range of operating parameters such as the size of the pump
or the developed flow rate.
Interestingly, the efficiency of electromagnetic pumps exhibits a strong limitation when induction effects become
dominant over the dissipation of the magnetic field. In large scale pumps, an instability is produced in the flow, which
dramatically reduces the developed flow rate: the fluid suddenly bifurcates from a state of quasi-synchronism with
the traveling magnetic field toward a strongly stalled regime where the fluid is almost at rest. Gailitis and Lielausis
[8] first formulated a theoretical explanation for this instability. By ignoring the boundary layers generated close to
the walls and assuming a velocity field invariant in the radial direction, they were able to propose a criterion for the
occurrence of the pump instability. According to this model, the destabilization of the pump should take the form
of an inhomogeneity of the flow in the azimuthal direction when the magnetic Reynolds number Rms becomes large
enough. Here, Rms = (c − U)L/η is the magnetic Reynolds number based on the slip velocity c − U , and L and η
are respectively a typical scale and the magnetic diffusivity of the fluid. Recently, it was shown through numerical
simulations [9] that annular EMPs indeed becomes unstable through this scenario, but exhibit an inhomogeneity of
the flow in the radial direction, rather than the azimutal one predicted by [8], at least close to the onset. Additional
insights on the linear stability of these flows have also be obtained theoretically by investigating more precisely the
radial structure of the velocity field, but only in the limit of small magnetic Reynolds number [10, 11].
Experimental studies [12] have shown that low-frequency pulsation in the pressure and the flow rate is indeed
observed when induction effects are important, strongly reducing the efficiency of the pump. If the magnetic field
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2from the coils or the sodium inlet velocity are non-uniform in the azimuthal direction, this pulsation takes the form
of non-axisymmetric vortices in the annular gap of the pump [13]. On the other hand, the efficiency of EMPs is also
reduced at low magnetic Reynolds number by a strong pulsation at double supply frequency (DSF) [14].
Despite these theoretical and experimental studies, the exact mechanisms by which the stalling instability occurs
at large Rm in the presence of turbulence are still unclear and represent an active field of research. In particular, it
was recently shown [15] that this behavior can be connected to flux expulsion: at large magnetic Reynolds number,
the driving magnetic field can be suddenly expelled from the conducting fluid, similarly to the skin effect produced
by an alternating electric current flowing in a conductor. The corresponding Lorentz force in the bulk flow strongly
decreases, and can no longer drive the fluid. The basic aspects of flux expulsion in conducting fluids are relatively
well known [16–18]. However, the occurrence of flux expulsion through an instability of the flow remains poorly
understood. Because of this crucial role of flux expulsion, the problem of electromagnetic pumps is very close to
a theoretical problem studied by Kamkar and Moffatt [19], in which the flow of a conducting fluid is confined in a
rectangular channel and subject to both a transverse pressure gradient in the longitudinal direction and a traveling
magnetic field applied on the vertical walls. A transition very similar to the stalling of EMPs was predicted, in which
the flow bifurcates from an Hartman-like flow to a Poiseuille-like flow as the magnetic Reynolds number is increased.
Numerical simulations of this problem recently confirmed the role played by flux expulsion in this instability [20].
In this article, we aim at studying several new aspects of such electromagnetically-driven (EMD) flows. First, the
energy budget of these flows exhibits interesting properties: as the energy is injected by a magnetic forcing (through
a time-dependent magnetic field imposed at the boundaries), there are different possible routes for dissipating this
injected power: it can be directly dissipated through ohmic dissipation without involving the fluid motion, or on the
contrary be conversed into kinetic energy through the Lorentz force to be finally dissipated by viscosity. There is
currently no general mechanism describing the ratio between viscous and ohmic dissipation in electromagnetically-
driven flows. Similarly, what bounds the maximum efficiency of such magnetic to kinetic energy transformation is
mostly unknown. Second, the problem involves complex boundary layers due to the inhomogeneous traveling magnetic
field which is applied to the walls, and a full characterization of these layers can certainly help understanding the
dynamics of EMD flows. As we will see in this article, there is a deep connection among the structure of these
boundary layers, the occurence of the stalling instability and the energy dissipation, leading to interesting predictions
for the efficiency of such energy transformations.
In section II, we first present the numerical model studied in this paper. Section III reports results obtained in
the synchronous regime, whereas section IV deals with the stalled regime obtained beyond the instability threshold.
Section V discuss some aspects of the energy budget and the efficiency of electromagnetically-driven flows, and our
numerical results are understood in the framework of a simple reduced model in section VI. Concluding remarks are
made in the last section.
II. NUMERICAL MODEL
As shown in the schematic view in Fig. 1a, we consider the flow of an electrically conducting fluid confined between
two fixed finite cylinders. ri is the radius of the inner cylinder, ro is the radius of the outer cylinder, d = ro − ri is
the gap between cylinders, and H is the height of the cylinders. No-slip boundary conditions for the velocity field are
imposed at all boundaries.
On the cylinders, we consider high permeability boundary conditions, for which the magnetic field is forced to
be normal to the radial boundaries [7]. This describes ferromagnetic boundary conditions (sometimes referred as
pseudo-vacuum conditions in the literature). The conducting fluid is only driven by a magnetic forcing, consisting of
a radial electrical current Js imposed on both top and bottom endcaps, such that the boundary conditions on z = 0
and z = H become:
(B2 −B1) · ez = 0 (1)
ez ×
(
B2
µ2
− B1
µ1
)
= Jser (2)
In the limit of an external ferromagnetic boundary (µ1/µ2  1), in which the magnetic permeability µ2 of the
boundary is much larger than the permeability of the fluid µ1 = µ0, these conditions reduce to
Bφ(z = 0) = µ0Js , Br(z = 0) = 0, (3)
Bφ(z = H) = −µ0Js , Br(z = H) = 0. (4)
3The electrical surface current Js is explicitly imposed in the code at both endcaps such that Js =
I0
r sin (mθ − ωt),
where I0 is the amplitude of the applied current, and ω and m are respectively the pulsation and the azimuthal
wavenumber of the traveling magnetic field. Note that due to the solenoidal nature of the magnetic field, these
boundary conditions lead to the generation of a strong axial magnetic field as well. The flow is therefore driven by
the induction due to a sinusoidal magnetic field imposed at the boundaries and traveling in the azimuthal direction.
The governing equations are the magnetohydrodynamic equations, i.e. the Navier-Stokes equations coupled to
the induction equation for the magnetic field and the constraint of magnetic field being solenoidal. The system of
governing equations are
ρ
∂u
∂t
+ ρu · ∇u = −∇p+ ρν∇2u+ j×B, (5)
∂B
∂t
= ∇× (u×B) + 1
µ0σ
∇2B, (6)
∇ ·B = 0, (7)
where u is the velocity, B is the magnetic field, j = 1µ0∇×B is the electrical current density, ν is the kinematic
viscosity, ρ is the density, σ is the electrical conductivity, and µ0 is the magnetic permeability of vaccum.
In the code, the equations are made dimensionless using a length scale l0 =
√
ri(ro − ri) and a velocity scale
U0 = c, where c = ω/k is the speed of the TMF and k = 2m/(ro + ri). The pressure scale is P0 = ρc
2 and
the scale of the magnetic field is B0 =
√
µρc. The problem is then governed by the geometrical parameters
Γ = H/(ro − ri) and β = ri/ro (kept fixed in this paper), the magnetic Reynolds number Rm = µ0σclo which
compares induction effects to ohmic dissipation, and the magnetic Prandtl number Pm = ν/η (ratio of viscosity to
magnetic diffusivity η = 1/(µ0σ)). The magnitude of the imposed current is controlled by the Hartmann number,
defined as Ha = µ0I0/
√
µ0ρνη and comparing the Lorentz force to the viscous force. Alternatively, one may define
the kinetic Reynolds number Re = Rm/Pm instead of Pm. Note that both Rm and Re are defined here using the
speed of the traveling magnetic field and not the one of the fluid. Following [8], we also define the slip magnetic
Reynolds number Rms defined on the difference of speed between the fluid and the TMF, namely Rms = Rm(1−U/c).
These equations are integrated with the HERACLES code [21]. Originally developed for radiative astrophysical
and ideal-MHD flows, it was modified to include viscous and magnetic diffusion, and has been used to describe var-
ious problems of diffusive MHD [9, 15, 22, 23]. Note that HERACLES is a compressible code, whereas laboratory
experiments generally involve almost incompressible liquid metals. In fact, incompressibility corresponds to an ideal-
ization in the limit of infinitely small Mach number (Ma). In the simulations reported here, we used an isothermal
equation of state with a small sound speed (in practice Ma = 0.03), following the approach of [22, 24, 25]. Typi-
cal resolutions used in the simulations reported in this article range from (Nr, Nθ, NZ) = 128
3 for laminar flows to
(Nr, Nθ, NZ) = [256 × 128 × 1024] for the highest Reynolds numbers. For the velocity field, no-slip conditions are
used at both radial and axial boundaries, so the forcing is entirely due to the surface current mentionned above.
The numerical setup studied here can therefore be regarded as an idealization of electromagnetic pumps. In annular
linear EMPs, the flow is confined within a cylindrical channel in which the flow is pumped in the axial direction by a
TMF imposed at radial boundaries. In the present setup, the flow is driven in the azimuthal direction, which avoid
inlet and outlet effects generated in these industrial pumps. On the other hand, it is also very close to the configuration
studied by Kamkar and Moffatt, except that the periodicity of the duct flow is achieved in our simulations by using a
cylindrical vessel. Note however that in contrast to [19], no pressure gradient is imposed on the flow, which is solely
driven by the TMF.
III. SYNCHRONOUS STATE
We first describe the basic state obtained at low magnetic Reynolds number and large Hartmann number, parameters
for which the mean flow rate is the largest. In this synchronous regime, the velocity of the fluid is almost equal to
the speed of the traveling magnetic field. In Fig. 1c, we show the magnitude of the z-component of the magnetic
field for Ha = 600, Rm = 30 and Re = 4000. Although the applied currents are located at the endcaps boundaries,
the magnetic field penetrates throughout the entire section of the channel. Sufficiently far from these boundaries,
the field lines become mostly vertical. In particular, field lines are not bent by the flow. The situation is therefore
very similar to the one in which a traveling magnetic field Bz would be imposed across the annular channel, which is
often considered as an idealization of EMPs. Figs. 1b shows the azimuthal velocity Uθ in the r − z plane, averaged
in the θ-direction. In the bulk flow, the normalized velocity is very close to 1, as the flow is almost synchronous
4(a) (b)
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FIG. 1: Top-left: geometry of the channel. The fluid is confined between two fixed cylinders and submitted to a
sinusoidal magnetic field imposed at the endcaps and traveling in the azimuthal direction. Top-right: azimutal
component of the θ-averaged velocity field Uθ in the r, z plane for Ha = 600, Rm = 30 and Re = 4000. Bottom:
corresponding magnitude of the z-component of the magnetic field (Bz) in the (z, θ) plane at r = (ri + ro)/2. A
mean flow is therefore generated along the azimuthal direction under the influence of the TMF which is nearly
homogeneous in the axial direction.
with the traveling magnetic field. For some parameters (low Rm, very large Ha), we have observed that the local
velocity can sometimes exhibit values exceeding the speed of the TMF, leading to normalized velocity around 1.4.
This ’superrotation’ is very localized in the middle of the channel and strongly depends on the parameters: its study
is beyond the scope of the present paper and will be reported elsewhere.
In addition, very steep velocity gradients are observed near both radial and axial boundaries. The flow profile in the
z-direction therefore seems very close to a Hartmann-type M-shaped profile. For this reason, such inductive flows are
often described in the literature as Hartmann flows, i.e. constant bulk velocity with thin Hartmann boundary layers.
Analytical models in which only the time-averaged Lorentz force is taken into account, indeed predict a boundary
layer thickness scaling as 1/Ha, in agreement with Hartmann’s prediction. Yet, there is no obvious reason for such
an agreement, since the geometry of the traveling magnetic field close to the boundary is considerably different from
the normal field lines considered in the classical Hartmann problem.
To investigate further this aspect, we therefore analyzed in more details the structure of the boundary layers
generated in our simulations. In Fig.2, colorplots of the velocity field close to the lower boundary are shown, together
with the field lines of the traveling magnetic field at a given time, for different values of the Hartmann number.
Contrary to the well-known Hartmann problem, the thickness of the boundary layer exhibits strong variations along the
azimutal direction. For low magnitudes of the field, these variations are relatively small, but tend to increase at larger
Ha. Note also that from a sinusoidal variation at low Ha, the thickness evolves towards a much more complicated
structure for strong fields: regions in which the magnetic field lines are normal to the boundary systematically
correspond to a thin boundary layer, while thicker layers are obtained where the field lines are tangential to the
boundary.
To quantify the evolution of the layer thickness, we plot in Fig.3a the axial profile of the azimuthal velocity
(normalized by its maximum value immediately outside the boundary layer) for both situations, i.e. we show velocity
5profiles as a function of z for a given value of θ, corresponding either to thin (left) or thick (right) boundary layer
regions, for Re = 4000, Rms = 15 and various values of Ha. Each profile is relatively close to an exponential behavior
sufficiently close to the boundary. To evaluate the thickness of the boundary layer, we measure the distance across
the layer from the boundary to the point where the flow has reached 0.99u0, where u0 is the maximum ’free stream’
velocity reached outside the boundary layer.
FIG. 2: Structure of the boundary layer close to the bottom boundary, in the synchronous regime, for Re = 4000,
Rms = 15 and three different values of the Hartmann number :Ha = 100 (top), Ha = 2000 (middle) and Ha = 10
4
(bottom). The figure shows colorplots of the velocity component Uθ and magnetic field lines in the (z, θ) plane. Note
how the local thickness depends on the geometry of the local magnetic field.
Interestingly, the two regions exhibit very distinct scaling laws with the Hartman number. In regions in which
the magnetic field is tangential to the boundary, the boundary layer thickness δ approximately scales as 1/
√
Ha,
corresponding to Schercliff’s prediction for a shear flow subject to an homogeneous magnetic field parallel to the
wall [26]. On the contrary, a much steeper evolution of the flow is observed in thin regions where the magnetic field
is normal to the wall, namely δ ∼ 1/Ha, corresponding to the Hartmann scaling [27].
This boundary layer is very similar to the Roberts layer which arises when a horizontal pipe flow is subjected
to a vertical homogeneous magnetic field [28]. The scaling of the layer is however different. In Roberts layers, the
thickness of singularities occurring where the field is tangential to the wall scales as Ha−2/3 over a distance along the
wall scaling as Ha−1/3. None of these characteristics are observed in our case, as shown in Fig.3b by the clear-cut
scaling Ha−1/2. There might be several reasons for such a disagreement: the geometry is relatively different, and
the complex structure of the field along the wall is quite different from the simple sinusoidal variation of the angle
between the field lines and the wall in Roberts layers. In presence of a traveling magnetic field, the alternation of
normal and tangential field close to the boundary therefore induces a periodic variation of the boundary layer, which
oscillates between Hartmann-like and Shercliff-like behavior.
This peculiar geometry of the boundary layer have important consequences on the dynamics of the flow. For
instance, the viscous and ohmic dissipations are predominantly produced in the thinner regions of the boundary
layer, where the vorticity and the electrical currents are mainly generated. As we will see in the last section, an
Hartmann scaling for the typical dissipation length therefore needs to be invoked to understand the energy dissipation
in such electromagnetically-driven flows. Note also that with the flow being mainly driven by induction, the magnetic
Reynolds number may also influence the thickness of the boundary layer. As long as the flow is synchronous with
the traveling field, we have measured almost no evolution of the boundary layer thickness with Rm. As shown in the
next section, the situation becomes different as the system deviates from synchronism and expulsion of the magnetic
field from the channel becomes significant.
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FIG. 3: (a): Axial evolution of the azimuthal velocity for θ corresponding to normal field (left) or tangential
field (right), for Re = 4000, Rms = 15 and various values of the Hartmann number (in the synchronous regime).
(b): Evolution of the boundary layer thickness δ as a function of the Hartmann number in both cases. Solid black
line indicates the Hartmann scaling δ ∼ 1/Ha, while the dashed red line is the Shercliff scaling δ ∼ 1/√Ha. Note the
two different behavior, illustrating the existence of a complex ’Schercliff-Hartmann’ boundary layer.
IV. STALLED REGIME
As discussed in the introduction, an instability of the flow is expected in EMPs when the magnetic Reynolds number
Rms becomes large enough: the synchronous regime described above looses its stability and bifurcates towards a non-
magnetized state, characterized by a much smaller flow rate. A similar transition has been described theoretically in
an idealized cartesian channel, in which flux expulsion was identified as the triggering mechanism [19]. This instability
also occurs in the annular geometry studied here, as illustrated by Fig.9 showing the evolution of the total azimuthal
flow rate across the channel as a function of Rm, for different values of Ha, Re and the azimuthal wave number m of
the applied current. At low Rm and large Ha, the velocity is nearly synchronous with the TMF. As Rm is increased,
7the synchronism is slowly lost if Ha is not too large, and the flow rate gradually decreases to very small values. For
the largest values of Ha, this loss of synchronism takes the form of a sharp and hysteretic bifurcation. The mechanism
by which such a bifurcation occurs is similar to the one responsible for the staling of annular electromagnetic pumps
[15]: on the synchronous branch, the system lies on a stable fixed point, in which the strong Lorentz force balances
the viscous dissipation, such that a decrease of the flow speed is always associated to an increase of the accelerating
Lorentz force due to the magnetic tension. Above a critical Rms, any perturbation in which the bulk flow slows down
implies an increase of the slip, and therefore leads to a stronger shear of the magnetic field lines. As a consequence,
the magnetic field is expelled away from the bulk flow and the total accelerating Lorentz force decreases, which in
turns enhances the initial braking of the fluid, leading to the stalling instability observed in Fig.9.
FIG. 4: Total flow rate developed in the channel as a function of Rm, for different values of Ha, Re and the
wavenumber m. Note the transition from synchronous (Q > 0.5) to stalled (Q < 0.5) flows as Rm is increased.
Fig.5a shows the structure of the magnetic field after the stalling transition, for Ha = 600, Rm=300 and Re = 4000.
The magnitude of the z-component of the magnetic field Bz in the (z − θ) plane is displayed. As expected from the
scenario described above, this new state is associated with a magnetic field strongly expelled from the bulk flow and
concentrated near the endcaps. In addition, the magnetic field lines are now clearly bent by the difference of velocity
between the fluid and the applied traveling field.
The expulsion of the magnetic field away from the bulk can be quantified by measuring the skin depth of the
magnetic field after the transition. Fig.5b shows the evolution of this penetration length δB as a function of the
slip magnetic Reynolds number Rms. Although there is still an effect of the Hartmann number, most of the data
collapse on the scaling δB ∼ 1/
√
Rms. This scaling law is exactly what is expected for the skin depth generated in a
static solid conductor submitted to a rotating magnetic field. This illustrates the fact that flux expulsion is occurring
mainly in the bulk flow of the channel. Note that for the largest value of the Hartmann number (Ha = 800), both
parameters Ha and Rms influence the skin depth, leading to a much complex evolution of the system which would
certainly need further investigations.
V. ENERGY BUDGET
As shown in the previous section, the problem of electromagnetically driven flows is quite different from Hartmann’s
solution: induction processes play a major role, and the power is injected into the induction equation through a
magnetic forcing, rather than a body force externally applied to the flow. In the previous section, we showed that
complex boundary layers are generated near the wall where the power is injected. It is therefore interesting to
investigate how the energy transfers between kinetic and magnetic terms, and how dissipation is handled in such a
system, particularly during the flow instability.
Eqs. 5 - 6 are used to obtain equations for magnetic and kinetic energy:
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FIG. 5: Structure of the magnetic field for Ha = 600, Rm = 300 and Re = 4000. Top : magnitude of the
z-component of the magnetic field (Bz) in the (z, θ) plane at r = (ri + ro)/2 .Bottom: Evolution of the skin depth of
the magnetic field measured in the simulations as a function of the slip magnetic Reynolds number, for various
values of Ha and Re
dEu
dt
= L−Dν , (8)
dEb
dt
= −L−Dη + P, (9)
where, Eu = ρ2 〈|u|2〉V and Eb = 12 〈|b|2/µ0〉V are respectively the total kinetic and magnetic energy densities,
L = 〈u·[(∇× b)× b]/µ0〉V is the power of the Lorentz force and Dν = ρν〈u·4u〉V = ρν〈(∇× u)2〉V is the viscous
dissipation. The term ηµ0
∫
V
b.∆b = splits into two parts: the surface term P = ηµ0 〈b×(∇× b)〉S is the injected
power due to surface currents imposed at endcaps, and the volume term Dη =
η
µ0
〈(∇× b)2〉V is the ohmic dissipation.
〈〉V denotes spatial average over the annulus, while 〈〉S denotes spatial average over the surface of bottom and top
endcaps.
Eq. 9 expresses that the rate of change of the magnetic energy is equal to the difference between the power injected
by the surface currents imposed at endcaps and the magnetic energy loss due to ohmic dissipation and the power of
the Lorentz force, hereafter called the Lorentz flux. (L has been defined such that L > 0 corresponds to a transfer
of energy from the magnetic field to the velocity field). Eq. 8 shows that the rate of change of the kinetic energy
is the difference between the Lorentz flux and the viscous dissipation. Therefore, the Lorentz flux acts as a source
term for the kinetic energy, in contrast to the classical case corresponding to dynamo action, in which the energy is
usually injected in the velocity field (through body forces or moving boundaries), and used to generate a magnetic field.
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FIG. 6: (a): Time evolution of energy fluxes for Re = 4000, Ha = 600 and Rms = 10 (synchronous regime). (b): same
thing, but normalized by the injected power.
Fig. 6a shows the typical time evolution of the energy fluxes for Re = 4000, Ha = 600 and Rms = 10, in the
synchronous regime. One can see the build-up of kinetic energy as the magnetic forcing establish the mean azimuthal
flow in the channel. An increase of the viscous dissipation is associated with this increase of the kinetic energy. During
this phase, both the magnetic energy and the ohmic dissipation stay constant, while the injected power and the Lorentz
flux increase as electrical currents are slowly induced in the channel. Finally, the saturation is characterized by a
small increase of the magnetic energy. When these quantities are normalized by the injected power (Fig. 6b), one can
see that the total build-up of the azimuthal flow is characterized by a net transfer from ohmic to viscous dissipation.
In Fig. 7, we follow the evolution of the saturated values of energy fluxes as a function of Rm, for Re = 4000
and Ha = 600. The bifurcation from synchronous to stalled flow occurs for Rm > 225, and is associated with
a clear hysteresis. The bistability between the two states is clearly visible on the kinetic energy (black curve), for
Rm = 225. As the bifurcation point is approached by increasing Rm, we observe a decrease of all quantities, including
the injected power. At the transition, all the quantities decrease to lower values. Interestingly, the total magnetic
energy is associated to a very small hysteresis. It means that during the stalling instability, the magnetic energy
is mainly rearranged, all the magnetic field being expelled from the bulk to the boundaries of the channel without
changing the total amount of magnetic energy.
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FIG. 7: (a): Evolution of energy fluxes for Re = 4000, Ha = 600 as a function of Rm. (b): same thing, but normalized
by the injected power.
For the dissipation, it is more instructive to normalize these quantities by the injected power P , as shown in
Fig.7b: as the critical point is approached, the ohmic part of the total dissipation decreases, while the part due to
viscous dissipation increases. The normalized Lorentz flux also increases, since it is always balanced with Dν/P
in steady state. This behavior seems very general: in all the simulations we have performed, the system always
dissipates energy preferentially through ohmic dissipation, regardless of the value of Ha, Re or even Pm, which has
been varied between 2.10−2 and 5. This is very unusual: in dynamo action for instance, it is known that for a given
distance from dynamo onset, this ratio is mainly controlled by the magnetic Prandtl number Pm, with dissipation
being mainly viscous (resp. ohmic) at large (resp. small) magnetic Prandtl number Pm [29, 30].
VI. TWO-DIMENSIONAL REDUCED MODEL
To understand the existence of a bound on the dissipation ratio, let us write a simple model in which the cylindrical
annulus (r, θ, z) is approximated by a cartesian channel (x, y, z). Similarly to the above numerical simulations, a surface
current Js = J0e
i(ky−ωt)ex is applied in z = ±a, ensuring the boundary conditions By(±a) = ±Baei(ky−ωt) with Ba
constant. Given the form of the applied boundary conditions, we seek for a time-harmonic magnetic field of the form
B = (Bz(z)ez +By(z)ey)e
i(ky−ωt), traveling in the y-direction. In addition, we will only seek for a purely streamwise
time-independent flow such that the velocity depends only on the transverse coordinate, namely U = U(z)ey, and
the induced electrical field and eddy currents are purely spanwise. The calculation is greatly simplified by the use of
the vector potential such that B = ∇×(A˜(z)ei(ky−ωt)ex), and the slip velocity S = (c − U(z))/c, where c = ω/k is
the speed of the traveling magnetic field. The induction equation then becomes:
∂zzA˜ = k
2(1− iRS)A˜ (10)
where R = cµ0σ/k is the magnetic Reynolds number based on the TMF speed. In addition, the electrical currents
induced in the channel are given by:
j˜ =
1
µ0
(
∂zzA˜− k2A˜
)
= −i k
2
µ0
RS(z)A˜(z) (11)
As we seek for a stationary velocity field, it is necessary to consider only the time-averaged component of the Lorentz
force acting on the conducting fluid. With a purely spanwise currents, and looking for a purely streamwise velocity,
the mean Lorentz force is therefore expressed as :
F = −1
2
<{j∗×∂yA} = k
3R
2µ0
S(z)|A˜(z)|2 (12)
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By using this expression of the Lorentz force in the time-averaged Navier-Stokes equation, we finally get:
∂zzS =
k2
2µ0ρνη
S|A|2 (13)
where ρ and ν are respectively the density and the kinematic viscosity of the fluid. Finally, by using a, c and
A0 = Ba/k as typical scales for respectively the length, velocity and vector potential, one obtains the following set of
equations:
∂zzA˜ = κ
2 (1− iRS)A, (14)
∂zzS = H
2S|A|2, (15)
where H = Baa
√
σ/2ρν is the Hartmann number, and κ = ka is the dimensionless wavelength. Equations (14 - 15)
constitute a closed system of equations for the evolution of both velocity and magnetic field inside the induction
channel. If S is supposed constant and equations are integrated along the z direction, this model becomes equivalent
to the block velocity model described in [8].
Inductionless limit: Although this set of equations can be solved numerically, it is instructive to first study the
limit R 1, in which the induced field stays small compared to the magnetic field applied at the boundaries. In the
long wavelength limit ka 1, equations (14, 15) can be solved exactly:
U(z) = c
[
1− cosh(
H
κ z)
cosh(Hκ )
]
(16)
The velocity field therefore consists of a bulk flow almost constant and synchronous with the traveling magnetic field,
associated to thin Hartmann boundary layers close to the walls. Both viscous and ohmic dissipations can be easily
computed from this expression for the velocity field:
Dν = ρν
∫
V
(∇×U)2dV = ρνc
2
a
[
H tanh(H)− H
2
cosh2(H)
]
(17)
Dη = µ0η
∫
V
(∇×B
µ0
)2
dV =
σB20c
2
(ka)2
[
1
H
tanh(H) +
1
cosh2(H)
]
(18)
where the dissipation rates per unit of area have been computed. Hence, the dissipation ratio takes a very simple
form:
Dν
Dη
=
H tanh(H)−H2/ cosh2(H)
H tanh(H) +H2/ cosh2(H)
< 1 (19)
The above expression shows that, in agreement with the direct numerical simulations, the total dissipation is always
dominated by the ohmic losses, and both dissipations asymptotically become equals for sufficiently large Hartmann
number. Note that this bound only stands in the limit of weak induction, and concerns the laminar solution. It
is deeply linked to the thin boundary layers generated close to the walls, in which most of the dissipation occurs.
The first term in the brackets in expressions 17-18 can be regarded as the contribution to the dissipation from the
boundary layers, while the second term represents the energy dissipated by the bulk flow. When the boundary layer
becomes sufficiently thin, the energy is almost entirely dissipated within these boundary layers, and both dissipations
become equals. The physical reason for such equality can be understood by the following heuristic argument: Let
us suppose that most of the velocity gradients are confined inside the boundary layer. In this case, all the viscous
dissipation is achieved inside this boundary layer, and expression (17) simply reduces to Dν ∼ ρνc2/δ, where δ ∼ a/H
is the thickness of the Hartmann boundary layer. As the induced current takes the form j(z) ∼ σB0(U(z) − c), the
ohmic dissipation can be written as
Dη ∼ σB20
∫ a
0
(U − c)2 dz ∼ σB20
[∫ δ
0
(U − c)2 dz +
∫ a
δ
(U − c)2 dz
]
(20)
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The second term is the contribution from the bulk flow, while the first term is the ohmic dissipation inside the
boundary layer, and tends to σB20c
2δ when the bulk flow is nearly in synchronism with the TMF. In the presence
of Hartmann boundary layers δ ∼ a/H, this last expression is therefore identical to the viscous dissipation. Note
however that such an equality between dissipations in the boundary layer only stands for sufficiently small boundary
layer thickness, i.e. for sufficiently large Hartmann number.
In any induction machine, an electrical conductor can never move exactly in synchronism with the traveling
magnetic field, because it would imply a frame of reference in which the magnetic field is steady: even far from the
boundaries, the velocity u therefore has to be smaller than c, meaning that non-negligible electrical currents are
always generated in the bulk flow. In other words, there is always an additional ohmic dissipation in the bulk flow,
making it slightly larger than the viscous one. As the flow tends to synchronism, this contribution becomes negligible
and the dissipation ratio reaches one.
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FIG. 8: Evolution of the dimensionless flow rate Q as a function of R, for various values of H and κ, obtained by
numerical integration of the reduced model (eqs (14-15)). Inset: all the curves collapse when plotted as a function of
the dimensionless number N (see text).
General case: The regime R 1 can be investigated by numerical integration of equations (14 - 15). Fig. 8 shows
the evolution of the normalized flow rate Q =
∫ 1
−1 qdz as a function of R, for various values of H and κ. Similarly to
the numerical simulations, large Reynolds number and low Hartmann numbers are associated with strongly stalled
flows, while the fluid is synchronous with the traveling magnetic field at low R and/or large Hartmann number H.
This reduced model is very useful to understand the dynamics of the flow: when the model (14-15) is integrated along
the z direction, and if the velocity slip is supposed constant, the mean force balance between the Lorentz force and
the laminar viscous dissipation can be written:
H2(1−Q)
κ2(1 +R2(1−Q)2) −Q = 0. (21)
where the first term represents the Lorentz force and the second term is the linear viscous dissipation. By defining a
magnetic Reynolds number Rs = (c − u)/(kη) based on the slip velocity, the evolution of the total flow rate across
the channel is therefore given by:
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Q =
N
1 +N
, N =
H2k
1 +R2s
(22)
where Hk = Ba
√
σ/2ρν/k is the Hartmann number based on the wavelength k of the traveling magnetic field. In
the inset, it is shown that all the curves indeed collapse on a single one when Q is plotted against the dimensionless
number N . It is now instructive to come back to the direct numerical simulations described in the previous sections.
Fig. 9a shows the evolution of the flow rate Q as a function of the dimensionless number N . Most of the data are
rescaled on a single curve, corresponding to the prediction (22). Note that there is no adjustable parameter for the
model. The agreement between the numerics and our simplified model is very good for small flow rates, but a clear
departure from the prediction is observed very close to synchronism, where the flow rate is slightly smaller than
predicted. This new parameter N is also useful to understand the bound on the dissipation ratio observed in the
simulations. Fig. 9b shows the dissipation ratio  = Dν/Dη as a function of N for both the direct simulations and the
reduced model. First, the solid line shows that the bound on the dissipation ratio obtained in the limit R  1 still
holds when equations 14-15 are integrated for finite values of R. In addition, although very different values of Re and
Ha are used (Pm is varied from 2.10−2 to 5.), the dissipation ratio  is solely controlled by N , and systematically
smaller than unity, regardless of the control parameters.
Finally, two different regimes can be observed in Fig.9b. For small values of N , a very good agreement with our
theoretical model is obtained: the dissipation ratio scales as  ∼ N2 at small N and saturates to 1 at larger N . For
larger values of N however, there is a strong discrepancy between the theory and the DNS: The dissipation ratio again
decreases towards small values. This may be inferred to several characteristics of the flow which are not taken into
account by the model. For instance, at small magnetic Reynolds number, such electromagnetically-driven flows exhibit
an amplification of the forcing, known as the double-supply frequency (DSF). This pulsation is known to decrease
the efficiency of electromagnetic pumps, and may explain the decrease of  observed here. Since equations (14-15))
are obtained by time-averaging the Navier-Stokes equation, this effect can not be described by our reduced model.
Note also that the ’Shercliff’ part of the boundary layer is not taken into account. Nevertheless, the bound remains
identical: the system always dissipates energy preferentially through ohmic dissipation in the thin Hartmann-like
boundary layers. Note also that the stalling of the pump seems to always occur in the vicinity of Dν/Dη = 1.
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FIG. 9: (a): Total flow rate Q developed in the channel as a function of N , for different values of Ha, Re and Pm.
All the numerical points are rescaled on a single curve, corresponding to the reduced model (14-15) (black curve). (b):
Evolution of the dissipation ratio  = Dν/Dη as a function of N . Note the bound on the dissipation ratio, maximum
for N ∼ 1.
VII. DISCUSSION AND CONCLUSION
This work presents a numerical study of the magnetohydrodynamic flow generated in a cylindrical annulus subject
to a traveling magnetic field imposed at the endcaps. We have shown that when the magnetic Reynolds number Rms is
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too large, such electromagnetically-driven flows experience a MHD instability similar to the stalling of electromagnetic
pumps, in which the flow rate can suddenly drop to inefficient regimes due the expulsion of the magnetic flux outside
the bulk flow. Our analysis highlights the new type of boundary layers generated in such induction-driven flows: due
to the spatial inhomogeneity of the applied magnetic field, the boundary layer thickness exhibits azimuthal variations
along the wall, alternating thin and thicker layers. Each of these regions scale differently with the Hartmann number
depending on the local geometry of the field (normal or parallel to the wall). This new result has two consequences:
Since only the thicker layer contributes to the flow averaged in the azimuthal direction, the boundary layer of the
averaged flow exhibits a Schercliff scaling. On the contrary, viscous and ohmic dissipations mainly occur in the thinner
part of the boundary layer, where the gradients are the strongest. We have also showed that the penetration of the
axial magnetic field into the bulk flow is controlled by the magnetic Reynolds number Rms based on the slip velocity
between the TMF and the induced flow. The scaling of this skin depth δB ∼ 1/
√
RmS is identical to the classical
penetration length of a varying magnetic field close to an electrical conductor.
Finally, we performed a study of the energy budget of this electromagnetically-driven flow: we showed that the
dissipation ratio Dν/Dη seems to be bounded by 1, meaning that the ohmic dissipation always overcomes the viscous
one, even for magnetic Prandtl number larger than unity. This unexpected result is in good agreement with the
predictions from a reduced model in two dimensions.
Finally, let us emphasize that this last result has an important consequence on the efficiency of electromagnetic
pumps. In steady-state regime, equations (8-9) indicate that the efficiency γ = L/P of this energy transformation
can be related simply to the dissipation: γ = /(1 + ), where  = Dν/Dη is the dissipation ratio. The limitation
on  reported in our numerical simulations and the reduced model suggests the existence of an exact bound for
the efficiency of this electromagnetic pump, namely γ < 12 . Although this bound has been obtained in a very
idealized situation, several results reported here should apply beyond our system. For instance, we expect the mixed
Hartmann-Shercliff layer to be generated as soon as an MHD flow is subject to a traveling magnetic field with a
sufficient large magnitude. Similarly, in several industrial applications, the magnetic Reynolds numbers Rms are of
the same order than the ones reported here. One weak point of our numerical analysis is certainly the fluid Reynolds
number, many orders of magnitude smaller than in real applications. It would be therefore interesting to see if
our efficiency bound still holds for more turbulent flow. In linear induction pumps, the magnetic field is applied
only on a section of the channel, such that the efficiency is evaluated by measuring the pressure drop between inlet
and outlet. In this perspective, it is interesting to note that an asymptotic efficiency close to 50% seems to be
asymptotically reached in several experimental setups (see for instance Fig.14 in [31] or Fig.9 in [32]), in agreement
with our prediction. Such an agreement can be understood with simple arguments. For sufficiently large Reynolds
number, both the bulk flow and the boundary layers should be turbulent. In this case, if the same turbulent viscosity
is used for describing the bulk flow and the boundary layers, the dissipation ratio should remain bounded by one. It
follows that the maximum efficiency of an electromagnetic pump should also be 50% in the fully turbulent regime.
Future work devoted to the optimization of this bound should involve much higher Reynolds numbers in order to
describe this regime, and should also include an adverse pressure gradient as in real pumps. It may greatly help
improving the efficiency of many industrial processes.
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